Homework 10 Solutions

Math 121A, Fall 2025.
Due: Nov b5, 11:59 PM

Unless otherwise stated, all solutions require clear, well-written justification. You must explicitly credit
any collaborators for each problem.
We will use the notation f(k) to denote the k" (exponential) Fourier coefficient of f, i.e.

fla) =" fk)e™

k=0
Problem 1. (Periodic or not)

e sin(mz) is periodic with fundamental period 2.

e ¢” is not periodic on the real line, which can be seen e.g. since it is monotone increasing, so if
r < y then e* < €Y.

e ¢ +sin(z) is periodic with fundamental period 2.

e sin(3z) + cos(bz) is periodic with fundamental period 2.

° sin(Sx)0+ sin(v/5z) is not periodic, since no integer multiple of % is an integer multiple of %,
except 0.

Problem 2. If f : R — C is periodic with period 2L (i.e. f(z) = f(z +2L))... Calculate h(k) and §(k) in terms of
f(k).
o s(x) = f(cx) has period 2L/c (assuming ¢ # 0).
e h(x) = f(x —t) has the same period as f since it is just shifted, so 2L. Notice that

W) = fla— 1) = 30 Fh)ete=0 = 37 fk)ete,

kEZ keZ

so the Fourier coefficients are

h(k) =e ™ f(k), ke

e g(z) = f(—x) has the same period as f since it is just flipped, so 2L. Observe that
g(x) = f(=2) =Y f(k)e™* 1),

keZ

g(k) = (k). ke



Problem 3. Define a pair of inner products
() = | Fogla) ds
1 [
(), = [ F@g(e) ds
-1
Compute the following inner products for the following 2m-periodic functions for all integer values of

k,n. What does this say about orthogonality?

e First, using a product to sum formula (and that these functions are real),
s
(sin kx, sinmaz) = / sin(nx) sin(mz) dz
—T

% /7r cos((k —m)z) — cos((k + m)z) dx.

—T

First, if & or n are zero, then the original integral is 0. If they are both nonzero, observe that
k—m € Z and k + m € Z, so both of these terms in the integral are 27 periodic when k # m.
When &k =m or k = —m, we get a cos(0) =1, so

. 0 if k=m =0 or |k| #|m|
1
5/ cos((k —m)z) — cos((k + m)z)de =< w ifk=m#0
o - ifk=—-m#0.

In particular, sin kx is orthogonal to sinmz as long as m # +k.
e This inner product is much less nice, and can be shown to be

1
(sin kx,sinma), = / sin(kx) sin(ma) dzx
-1

sin(h—m) _ sin(htm) 6 1) ||

k—m k+m
o ifk=m=0
| —gnm) ifk=m+#0
sin(Zm) if k= —m # 0.

In particular, they are not orthogonal except when you have the trivial vector 0.

e Let’s calculate for m # k, noting that the integral is easy if m = k:

T
<€zkx, ezmx> _ / e—zkxezmx dx

—T

— / ei(mfk)m dx

1 . .
— = (pm=k)T _ —i(m—K)T
) ¢ )
_j2r ifm=k
)0 ifm#k

where the equality is because e?® is 27 periodic. In particular, this is an orthonormal set.



e This one is again gross.
. . 1 - - 2
ikx imz\ _ i(m—k) _ ,—i(m—k) 0= i — k).
<e 0 >1 2mi(m — k) (e ‘ )7 (m—k) sin(m — k)

You can’t really reduce it, it’s just some ugly thing. Certainly they are not orthogonal.

Problem 4. (Sawtooth) Throughout this discussion we have the inner product from class, (f,g) = 5= [ f(z)g(z) dx.
(a) First, the constant term f(0) = (1, f) = = ffﬂxdw =0.
For k # 0: integration by parts gives

f(k) = <€ikx,l’> = L /ﬂ ze kT dg

2 J_,

1 —ikm _ o ikT ™ )
_ me : _ ( 71'6. ) o / efzka: dx
2m —ik —ik -

icos km
k

so f(k) = % when k # 0.
(b) By Parseval’s theorem,

=1
2> m= 2
k=1
Divide over the 2, and we have our result.

(c) Let’s begin. f(0) = (1,22) = 72/3. Let k # 0. This time, let us split e~** = cos kz — isinkz, so
using that 22 cos kz is even and z2 sin kx is odd,

fk) = <eikx,f> = %/W 2% (cos kx — isin k) dx

-7

PUENE: 1 [ 5 23 @
f(k)’ —%/_Wm df—§—§~

1 T
:f/ x? cos kx dx
™ Jo
2
Then, by Parseval,
m 1 (M , . 4 >4
= =5 ﬂx dx—Z‘f(k‘)’ —77/9+22k4,
kEZ k=1
so, doing algebra,
$1 w1y
Kt 8 \5 9/ 90

Problem 5. If f has only finitely many nonzero Fourier coefficients f (k) # 0, then the Fourier series for f is just
the finite sum

N ~ .
fa) = 3 Fkyete,
k=—N

This is a finite sum of smooth functions, and so f is smooth. Thus, if f is discontinuous, it must have
infinitely many nonzero Fourier coefficients (this is just the contrapositive of the statement above).



Problem 6. Let f : [—m, 7] — C and consider the trigonometric Fourier series

ao

oo
5 + Z ar cos kx + by, sin kx.

k=1

f(x)

Just like with exponential Fourier series, the a; and by may be computed via inner products. There
is a small adjustment to make—we want sin kx and cos kz to form an orthonormal set, so we need to
normalize our inner product so that

(sin kx,sin kx) = 1.
The right normalized inner product can then be seen to be

o= [ T da,

™
—Tr
just by calculating ["_sin®(z) dz = 7.

(a) If f is even, observe that

1
by = (f,sinkx) = — f(z)sinkz dr =0,
™

us

—T
since an even function times an odd function is odd, and we are integrating over a symmetric
interval.

(b) If f is odd and k # 0, observe that

ap = (f,coskx) = l f(x)coskxdx =0,
T

s
—T
since an even function times an odd function is odd, and we are integrating over a symmetric
interval. This holds similarly for ag, which corresponds to the function 1.
(c) Observe that
_ f@) = f=2) | fl) + f(==)
2 2 '
The first term is odd, and the second term is even.

(d) Decide if the following functions are even, odd, or neither and compute their (trigonometric)
Fourier series:

i
-1 —7m<z<0
fle)=¢0 x=0o0r £«
1, O<z<m

is odd, so we need only compute the by:

s m

1 (" 2 [T 2
b, = (f,sinkz) = = f(z)sinkx de = f/ sin kx dx = k—(— cos(km) + 1),
- 0

which means

by = ﬁ k odd
0 k even

This is called a square wave.



ii.

f(x){o —n<x<0

1, O<z<m
is neither, so we have to compute both a; and by:

aoz(f,1>:l 7Tf(ac)dx:l/wlalle
- 0

m m

1 [7 1
ar = (f,coskzx) = ;/0 coskx dr = E(sm(kw) —-0)=0

1 [ 1 2 kodd
by = inkz) = — inkrdr = —(— k 1) = ¢ 7k
x = (f, sin kx) 7T/0 sin kx dx k:7r( cos(km) + 1) {O & even

Notice that we could have saved ourselves some trouble by seeing that f(z) — 1/2 is an odd
function, so the only thing preventing f from being odd is a constant factor. Actually, this
is a rescaled and shifted version of the square wave from (i).

ili. f(x) =|z| is even, so we do not need to compute the by’s:

1 s
do=(f) =7 [ laldo=n

ar = (f,coskzx) = %/

_ ;—é k odd
0 k even.

2 (7 2
|| cos kx dx = = /0 xcoskxdr = 3 (mksin(rk) + cos(mk) — 1)

iv. Recall that cosh(z) = 1(e” + e~®), while sinh(z) = (e” — e™®). f(z) = coshz is even, so
we only need to compute the ag. It is useful to note that % cosh x = sinh x, and % sinhx =
cosh z, whence we may compute the aj integrals by two rounds of integration by parts:

ag = (f,1) = %/W cosh(z) dx = 28%}1&)

—T

ar, = (f,coskz) = 2/ cosh(z) cos kx dx = sinh(m) cos(mk) + k cosh(r) sin(rk))
m™Jo

L (
m(k?2+1)
,7ﬂ(k3+1) sinh(7) %k odd

m sinh(w)  k even.



Problem 7. (Minimizing MSE)
Let us set up a bit of notation: the finite partial sums of the Fourier series are Sy = ZkN:_ N f (k)eike

the remainder terms are Ryy1 = Z|k|>N f(k)e”“”, and the other sum is Dy = ZL\I:—N die’®. Start

by noticing that
2 2

If = Snl” =Byl

Now, since (Sy,Rn+1) = 0 and (Dyn,Rn+1) = 0 by orthogonality, we have by the Pythagorean
theorem that

If = DnlI*> =|[Rn+1 + Sy — Dl =||Rn41l* +11Sy — D).
But notice that ||Sy — Dy||> > 0, so

If = Snl? = Bysal” <||Bys1l® +1Sx — DnlI> =|If — Dnl?.



